An ideal I of a ring R is said to be strongly irreducible if for ideals J and K of R, the inclusion J ∩ K ⊆ I implies that either J ⊆ I or K ⊆ I. The relationship among the families of irreducible ideals, strongly irreducible ideals, and prime ideals of a commutative ring R is considered, and a characterization is given of the Noetherian rings which contain a non-prime strongly irreducible ideal.
Our main result, Theorem 3.6, states that if I is a non-prime ideal with ht(I) > 0 in a Noetherian ring R, then I is strongly irreducible if and only if I is primary, R P is a DVR, where P = Rad(I), and I = P n for some integer n > 1. In Proposition 3.4
we prove that an ideal I of a Noetherian ring R is a non-prime strongly irreducible ideal if and only if there exist ideals C and P of R such that I ⊂ C ⊆ P and: (1) P is prime; (2) I is P -primary; and, (3) for all ideals J in R either J ⊆ I or CR P ⊆ JR P . Also if this holds, then CR P = IR P : R P P R P . In particular, a Noetherian ring R contains a non-prime strongly irreducible ideal if and only if there exists an ideal I of R satisfying these conditions. All rings considered in the paper are assumed to be commutative rings with iden-tity. We use "⊂" for strict inclusion. If S is a multiplicatively closed subset of a ring R and A is an ideal of R S , then we denote by A ∩ R the ideal ϕ −1 (A), where ϕ : R → R S is the canonical map.
STRONGLY IRREDUCIBLE IDEALS

Definition 2.1 An ideal I of a ring R is strongly irreducible if for ideals J and
In Lemma 2.2 we list some basic properties concerning strongly irreducible ideals. Proof. For (1) assume that I is strongly irreducible and let J and K be ideals in For (2) assume that I is prime and let J and K be ideals in R such that J ∩ K ⊆ I. Then JK ⊆ I, so either J ⊆ I or K ⊆ I, since I is prime, so it follows that I is strongly irreducible.
Lemma 2.2 Let
The first assertion in (3) is clear from the discussion in the Introduction. To prove the second assertion in (3), assume the set of zero-divisors on R/I is a prime ideal P of R. Then I = IR P ∩ R. Since the ideals of R P are linearly ordered with respect to inclusion, IR P is strongly irreducible in R P . Hence by part (4) below, I is strongly irreducible. For the other direction, if I is strongly irreducible, then I is irreducible.
It is then easily seen that the zero-divisors on R/I form an ideal and hence a prime ideal of R.
For (4) assume that IR S is strongly irreducible and let J and K be ideals in R
For (5) assume that I is a strongly irreducible primary ideal of R and let J and
For (7) assume that T is a faithfully flat extension ring of R and that IT is strongly
For (9) , assume that I has the property that whenever bR ∩ cR ⊆ I it holds that either b ∈ I or c ∈ I. To see that I is strongly irreducible let J and K be ideals in
Then for all c ∈ K it holds that bR ∩ cR ⊆ J ∩ K ⊆ I, so c ∈ I. It follows that K ⊆ I, hence I is strongly irreducible.
Finally, for (10), let pA be a principal prime ideal in the UFD A, and let n be a positive integer. To show that p n A is strongly irreducible, it suffices by (6) to show that p n A pA is strongly irreducible, and this is clear since A pA is a DVR. 2
Concerning conditions (4), (5) and (6) I of a commutative ring R to be primary is that each chain of the form I ⊆ I : R a ⊆ I : R a 2 ⊆ I : R a 3 . . ., a ∈ R, must be finite [3] .
In Example 2.3, we give several examples of strongly irreducible ideals (the first of which is alluded to in the proof of parts (3) and (10) of Lemma 2.2).
Example 2.3 (1)
If the ideals of R are linearly ordered, then each ideal in R is strongly irreducible. So, for example, if R is either a DVR or a homomorphic image of a DVR, then each ideal in R is strongly irreducible (and also principal). In particular, if F is a field, X is an indeterminate, and n is a positive integer, then each ideal in
(2) If R is any ring such that the zero ideal of R is irreducible, then the zero ideal of R is strongly irreducible.
(3)
If R is Gorenstein of altitude zero, then the zero ideal is irreducible, so it is strongly irreducible, by (2) . In particular, if
where F is a field, X 1 , . . . , X g are indeterminates, and n 1 , . . . , n g are positive integers, then the zero ideal in R is strongly irreducible.
(4) If P is a height-one prime ideal of a Krull domain R, then each P -primary ideal is strongly irreducible (by Lemma 2.2(6)).
A strongly irreducible ideal of a Noetherian ring is primary and thus, in particular, has prime radical. Also, as noted in part (3) We believe Lemma 2.5 is known, but do not know an appropriate reference, so we include a proof.
Lemma 2.5 Let b and c be elements in a ring
Proof. For the last statement, assume that I is an ideal in R such that I ⊆ bR.
Then it is clear that b(I : R bR) ⊆ I, and if i ∈ I ⊆ bR, then i = rb for some r ∈ R, 
STRONGLY IRREDUCIBLE IDEALS IN NOETHERIAN RINGS
In this section we first prove a corollary of Theorem 2.6. We then give a characterization for a Noetherian ring to have a strongly irreducible non-prime ideal I. We observe that such an ideal I has several properties similar to an ideal in a homomorphic image of a DVR, and then show that a strongly irreducible ideal I of positive height is either prime or R Rad(I) is a DVR. We often use the fact (Lemma 2.2(1)) that a strongly irreducible ideal in a Noetherian ring is a primary ideal.
Corollary 3.1 Let I be a strongly irreducible ideal in a Noetherian ring R, let Rad(I)
= P , and assume that I = P . Then:
(1) (I : R P )R P is a principal ideal (hence ht(I) ≤ 1).
(2) IR P = ((I : R P )P )R P .
Proof. I is a primary ideal, since I is strongly irreducible, hence I is P -primary (where P = Rad(I)). Also, IR P is strongly irreducible, by Lemma 2.2(1), so (1) (1) and (2) and Corollary 3.2 that if I is a strongly irreducible non-prime ideal in a Noetherian ring R, then IR P has the following three properties that are similar to the ideals in a DVR (where P = Rad(I)):
(a) IR P : R P P R P is principal; (b) IR P = P R P (IR P : R P P R P ); and, (c) IR P and IR P : R P P R P are comparable to all ideals in R P .
(2) If I is a non-prime strongly irreducible ideal in a local ring R that is primary for the maximal ideal of R, then I is comparable to all ideals in R, by (1)(c). However, an ideal in a local ring that is comparable to all ideals in R need not be strongly irreducible. For example, the zero ideal in every ring has this property, but need not even be irreducible. Proof. We have already noted in Remark 3.3(1) that a non-prime strongly irreducible ideal in a Noetherian ring satisfies the stated conditions. For the converse, assume that I is P -primary. By Lemma 2.2(5), it suffices to show that IR P is strongly irreducible, so it may be assumed that R is local with maximal ideal P . Finally, the ideal C is clearly uniquely determined by the properties (a) I ⊂ C ⊆ P , and (b) for all ideals J in R either J ⊆ I or C ⊆ J. Since I : R P also has these properties by Corollary 3.1(3), C = I : R P . 2
Proposition 3.5 Let I be a strongly irreducible ideal in a Noetherian ring R, let
Rad(I) = P , and assume that I = P and that ht(P ) > 0. Then IR P is a regular ideal.
Proof. By Lemma 2.2(5) it may be assumed that R is local with maximal ideal P , so it must be shown that (0) : R I = (0). Therefore it may be assumed that J ⊆ I. Also, I : R P = xR for some element Then I is strongly irreducible if and only if I is primary, R P is a DVR, where P = Rad(I), and I = P n for some integer n > 1.
Proof. ( ⇐ )
Since R P is a DVR, IR P is strongly irreducible, and since I is P -primary, this implies I is strongly irreducible by Lemma 2.2(6).
( ⇒ ) Since I is strongly irreducible, it follows from Lemma 2.2(5) that IR P is strongly irreducible, so it suffices to prove this implication in the case where R is a local ring with maximal ideal P and I is P -primary. Also, since ht(I) > 0, Corollary 3.1 (1) shows that ht(I) = 1 and Proposition 3.5 shows that I (= IR P ) is regular.
Assume that P is not a principal ideal. We show that this implies the contradiction that I = P . For if I = P , then I : R P = xR is a principal ideal and I = xP , by Corollary 3.1(1) and (2) . Let k be the positive integer such that x ∈ P k − P k+1 , so I = xP ⊆ P k+1 . If P k is not principal, then there exists y ∈ P k − P k+1 such that x / ∈ yR and y / ∈ xR (and y / ∈ I, since I ⊆ P k+1 ). Now, xR ∩ yR = x(yR : R xR) ⊆ I (since x ∈ I : R P and yR : R xR ⊆ P ) and x / ∈ I and y / ∈ I. This contradicts the hypothesis that I is strongly irreducible. Therefore P k must be principal. However, by [9, Proposition 1], if some power of P is principal, then either P is principal, or P consists of zero divisors. But P is not principal (by hypothesis) and P is a regular ideal (since I is a regular ideal by Proposition 3.5). Therefore P is principal and I = P n for some integer n > 1. 2
Corollary 3.7 A Noetherian integral domain R has a non-prime strongly irreducible ideal if and only if it contains a height-one prime ideal P such that R P is a DVR.
Proof. This is immediate from Theorem 3.6. 2 
